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CLASSIFICATION OF THE NORMAL SUBGROUPS OF GL^{R)
CHAPTER I
THE NORMAL SUBGROUP PROBLEM
L e t  R b e  a  r i n g  a n d  n  a  p o s i t i v e  i n t e g e r .  D e n o te  b y
(R)^ t h e  r i n g  o f  a l l n  x n  m a t r i c e s  w i t h  e l e m e n t s  i n  R. L e t
GL^(R) , t h e  g e n e r a l  l i n e a r  g r o u p , b e  t h e  g r o u p  o f  a l l  i n v e r ­
t i b l e  e l e m e n t s  o f  (R )^ .  The e l e m e n t a r y  m a t r i x  u n i t s  Ej^j a r e  
t h o s e  e l e m e n t s  o f  (R )^  w i t h  1 i n  t h e  i ^ ^  row  a n d  co lum n 
aiid 0 i n  a l l  o t h e r  ; p o s i t i o n s .  From t h e s e  we fo r m  t h e  e le m e n ­
t a r y  t r a n s v e c t i o n s  Tj^j (X) = I  + XE^j w h e r e  I  i s  t h e  n x n  i d e n ­
t i t y  m a t r i x ,  X i s  i n  R, a n d  i j ^ j .  The g r o u p  g e n e r a t e d  by
{ T i j  (X) [iy^j , l £ i ,  j< n ,X m R } .  i s  d e n o t e d  b y  E^(R ) a n d  i s  c a l l e d  
t h e  g r o u p  o f  e l e m e n t a r y  t r a n s v e c t i o n s . F o r  a n y  e l e m e n t  a 
o f  (R )^  we d e n o t e  by  t h e  e l e m e n t  i n  t h e  i ^ ^  row  a n d  
co lum n o f  a .
L e t  A b e  a  t w o - s i d e d  i d e a l  o f  R. The s u r j e c t i v e  r i n g
m o rp h ism  X;R->R/A i n d u c e s  a  n a t u r a l  g r o u p  m o rp h ism
X ^^G L^(R )+G L^(R /A ). The n o r m a r ~ s u b g r o u p  o f  E^(R) g e n e r a t e d
by a l l  e l e m e n t a r y  t r a n s v e c t i o n s  i n  t h e  k e r n e l  o f  i s  d e n o t e d  
by  E ^(R ,A ) a n d  i s  c a l l e d  t h e  e l e m e n t a r y  c o n g r u e n c e  s u b g r o u p  
o f  l e v e l  A. The g e n e r a l  c o n g r u e n c e  s u b g r o u p  o f  l e v e l  A, d e ­
n o t e d  b y  G L ^ (R ,A ) ,  i s  t h e  i n v e r s e  im ag e  u n d e r  o f  t h e  c e n t e r  
o f  G L ^ (R /A ).
A n o r m a l  s u b g r o u p  H o f  GL^(R) i s  s a i d  t o  b e  s t a n d a r d  
n o rm a l  i f  t h e r e  i s  a  t w o - s i d e d  i d e a l  A s u c h  t h a t
E„(R,A) < H < GL (R,A), n  ' — — n '
The " n o rm a l  s u b g r o u p  p r o b le m "  i s  t h e n  o n e  o f  d e t e r m i n i n g  when
n o rm a l  s u b g r o u p s  o f  GL^(R) a r e  s t a n d a r d  n o r m a l .
If R is a field, then noncentral normal subgroups of GL^ (R) where
n^3  c o n t a i n ^ t h e  s p e c i a l  • l i n e a r  grotç) ( s e e  A r t i n  [ 1 ] ,  D ieu d o n n e
[ 8 ] ) .  B r e n n e r  ( [ 4 ] , [ 5 ] , [ 6 ])  w as t h e  f i r s t  t o  e x a m in e  t h e
p r o b le m  f o r  a  r i n g  w h ic h  was n o t  a  f i e l d .  He show ed  t h a t  i f
n ^ 3 ,  t h e  n o r m a l  s u b g r o u p s  o f  GL^(R) a r e  s t a n d a r d  n o r m a l  w h e re
R i s  t h e  r i n g  o f  r a t i o n a l  i n t e g e r s  o r  i t s  r e s i d u e  c l a s s  r i n g s .
I n  1 9 6 1 ,  K l i n g e n b e r g  [9 ]  c h a r a c t e r i z e d  t h e  n o r m a l  s u b g r o u p s
o f  GL^(R) a s  s t a n d a r d  n o r m a l  i f  n>^3 a n d  R i s  a  c o m m u ta t iv e
l o c a l  r i n g  w i t h  2 a  u n i t .  L a t e r  D e n n in  a n d  M c Q u i l l a n  [7 ]
w e re  t o  show t h i s  f o r  s e m i l o c a l  r i n g s .  I n  1964 B a s s  [3 ]  
show ed t h a t  f o r  a n y  r i n g  R, n o rm a l  s u b g r o u p s  o f  GL^(R) a r e
s t a n d a r d  n o r m a l  i f  n>max { 2 , s t a b l e  r a n g e  o f  R } . He a l s o
show ed  t h a t  f o r  a n y  r i n g  R, n o r m a l  s u b g r o u p s  o f  :
GL(R) = U GL^(R) a r e  s t a n d a r d  n o r m a l .  I f  P i s  a  f r e e  
n
R -m o d u le  o f  d i m e n s i o n  n ,  t h e n  GL^(R) i s  i s o m o r p h i c  t o  
{ a : F ^ p | a  i s  a n  i n v e r t i b l e  l i n e a r  m ap} . T h u s  i f  V i s  f r e e
o f  i n f i n i t e  d i m e n s i o n ,  we d e n o t e  { a : V W |a  i s  a n  i n v e r t i b l e
l i n e a r  map} b y  G L (V ). Some w o rk  h a s  a l s o  b e e n  d o n e  [1 0 ]  
on  t h e  " n o r m a l  s u b g r o u p  p r o b le m "  f o r  n o r m a l  s u b g r o u p s  o f  
GL ( V ) .
A s i g n i f i c a n t  r e s u l t  b y  J . S .  W i ls o n  [1 5 ]  i n  1970
show s t h a t  f o r  a n y  c o m m u ta t iv e  r i n g  R, n o r m a l  s u b g r o u p s  o f
GL (R) a r e  s t a n d a r d  n o r m a l  i f  n > 4 .  n  —
S u p p o s e  n M  a n d  l e t  A = [ a ^ j ]  b e  a n n x n  i n v e r t i b l e  
m a t r i x  o v e r  a n  a r b i t r a r y  r i n g  R. T he  m a t r i x  A i s  i n v e r t i b l e
m ean s  t h e r e  i s  a  m a t r i x  B w i t h  A3 = BA = I .  L e t  A [bUj] ,
C o n s i d e r  t h e  s y s t e m  o f  e q u a t i o n s
^ 2 1  ^ 1  ^ 2 3 ^ 3  + •••■ '■  ^ 2 n ^ n  ^ 2 1
^ 3 1  ^ 1  ^ 3 3 * 3  + • • • +  b3n%n °
b n l  ^1  + bn3%3 ^ n n ^ n  = °
t h a t  i s ,  a  s y s t e m  w h o se  c o e f f i c i e n t  m a t r i x  i s  t h e  s u b m a t r i x
o f  a ” ^  o b t a i n e d  by  d e l e t i n g  t h e  f i r s t  row a n d  s e c o n d  co lum n
o f  a ” ^ .  D e n o te  t h e  a b o v e  s y s t e m  b y  S ( < 1 , 2 > , A ) .  We may
c o n s t r u c t  S ( < i , j > , A )  s i m i l a r l y .
W i l s o n ' s  a r g u m e n t  d e p e n d s  o n  t h e  s o l v a b i l i t y  o f  t h e
s y s te m  S ( < i , j > , A )  f o r  a l l  d i s t i n c t  i  a n d  j  a n d  a l l  i n v e r t i b l e
A w hen R i s  a  c o m m u ta t iv e  r i n g .  An a n a l y s i s  o f  t h i s  p r o o f  i n  I I  
shows t h a t  f o r  a n y  r i n g  R ( n o t  n e c e s s a r i l y  c o m m u ta t iv e )  t h e
s o l v a b i l i t y  o f  s u c h  s y s t e m s  i s  s u f f i c i e n t  t o  show t h a t  n o rm a l  
s u b g r o u p s  o f  GL^(R) a r e  s t a n d a r d  n o r m a l  w hen n  ^  4 .
The c a s e  n  = 2 h a s  a lw a y s  b e e n  m ore  d i f f i c u l t  t o  
i n v e s t i g a t e .  D ie u d o n n e  [ 8 ] show ed  t h a t  f o r  R a  f i e l d ,  t h e  
n o rm a l  s u b g r o u p s  o f  GLgfR) a r e  s t a n d a r d  n o r m a l .  The r i n g  o f  
i n t e g e r s ,  h o w e v e r ,  w as  shown b y  M en n ick e  [1 2 ]  t o  g i v e  p a t h o ­
l o g i c a l  r e s u l t s  t o  t h e  n o r m a l  s u b g r o u p  p r o b le m .  K l i n g e n b e r g
[9 ]  was a b l e  t o  show t h a t  i f  R i s  a  l o c a l  r i n g  w i t h  2 a  u n i t ,
t h e  n o r m a l  s u b g r o u p s  o f  GLgtB) a r e  a g a i n  s t a n d a r d  n o r m a l .
T h u s ,  i t  a p p e a r s  t h a t  t h e  s t r u c t u r e  o f  GLgf#) d e p e n d s
on  t h e  num ber o f  u n i t s  o f  R, s i n c e  f i e l d s  a n d  l o c a l  r i n g s ,
r i n g s  w i t h  many u n i t s ,  h a v e  s t a n d a r d  n o r m a l  s u b g r o u p s  o f  
GLgCR), w h i l e  t h e  r i n g  o f  i n t e g e r s ,  a  r i n g  w i t h  few  u n i t s ,  
d o e s  n o t .  H e n c e ,  M cD onald  [1 1 ]  show s t h a t  n o r m a l  s u b g r o u p s  
o f  GLg(R) a r e  s t a n d a r d  n o r m a l  when R i s  a  r i n g  " w i t h  many 
u n i t s . "
CHAPTER I I
CLASSIFICATION OF NORMAL SUBGROUPS
L e t  R b e  a  r i n g  a n d  s u p p o s e  t h a t  t h e  s y s te m
S ( < i , j > , A ) ,  i / ^ j , d e s c r i b e d  i n  t h e  p r e v i o u s  c h a p t e r  h a s  a
s o l u t i o n .  We w i l l  show t h a t  a l l  n o rm a l  s u b g r o u p s  H o f
GL^(R) a r e  s t a n d a r d  n o r m a l  f o r  n > 4 .
L e t  a  = [ o ^ j ]  b e  i n  G L ^(R ) . D e f in e  t h e  o r d e r  o f
0 ,  d e n o t e d  by  0 ( a ) ,  t o  b e  t h e  t w o - s i d e d  i d e a l  g e n e r a t e d  by
{Oj, j  1 l £ i ,  j £ n ,  i=^j} t o g e t h e r  w i t h  ^ | l £ i ,  j < n , i 5^ j }.
F o r  H a s u b g r o u p  o f  G L ^ (R ) , d e f i n e  0 ( H ) , t h e  o r d e r  o f  H,
by  0(H) = Z 0 (a ) .  
a  iiiH
” 1Lenitia I I .  1 L e t  a b e  i n  GL^(R) arid g = a  . T hen  •
0 (a )  = 0 ( 6 ) .
P r o o f  L e t  â  = ^Q (a) ^  ”  ^O (a) ( (see page 1 ) .  Then
^ "  ^O (a) ^O (a) = ^ o ( a )  ^O (a) B u t
a  = a l  f o r  some a  in  .VO(a). T h u s ,  I  = ( a l )6  = a F .  Then
f o r  e v e r y  i ,  l £ i < n ,  = 1 i n  R / 0 ( a ) .  T h u s  a  i s  a  u n i t  i n
R / 0 ( a ) .  H ence  F  = T h u s  0 ( 0 )  = 0 ( a ) .
T heorem  I I . 2 L e t  H b e  a  s u b g r o u p  o f  GL^(R) n o r m a l i z e d  by
(R) w i t h  n > 4 .  L e t  B = ZO(a) w h e re  t h e  sum e x t e n d s  o v e r  a l l  n  —
a i n  H d i f f e r i n g  f ro m  t h e  i d e n t i t y  b y  a t  m o s t  tw o  c o lu m n s .  
Then 0(H) i s  c o n t a i n e d  i n  B.
P r o o f  We show f i r s t  t h a t  f o r  a n y  a  i n  H, a l l  o f f - d i a g o n a l  
p o s i t i o n s  o f  a  a r e  i n  B. T h i s  i s  d o n e  by  c o n s t r u c t i n g ,  f o r  
e a c h  a ^ j ,  a n  e l e m e n t  g  o f  GL^(R) w h o se  o r d e r ,  0 ( g ) ,  c o n t a i n s
an d  i s  c o n t a i n e d  i n  B.
-1L e t  a  = [ a ^ j ]  b e  i n  H a n d  l e t  a = 0 = [ 0 ^ ^ ] .  
C o n s i d e r  t h e  s y s t e m  o f  e q u a t i o n s  S ( < l , 2 > , a ) :
^ 3 A ' ' ’^33^3 '’' ^ 3 4 V ' * •■^^3n^n ®
* n lX l+ G n 3 X 3 + * n 4 X 4 + ' ' '+ * n n X n  = *
By h y p o t h e s i s  t h i s  s y s t e m  h a s  a s o l u t i o n .  T hen  l e t
g =
1
0
0
1
3
0 . . .  0 
0 . . .  0 
1 . . .  0
i ... i
Now
9 = 1 +  Z X E 2
m
= ^ (I+X E , )
Vfl  ^
= TT T 2 (X ) .
Vfl  f
H ence  g  i s  i n  E ^ ( R ) .
Now l e t  p  = [ o , g ]  = a  ^g ^ a g .  Then
P = 9 ( 1 -  2 X E 2 ) a ( I + S  X E 2 > 
T f l  ^ s^2 ^
= I  + S X E 2 -  Z 6X E 20 -  Z (eXfE gOlX-E 2 
s?^2 ® :?% f  r?s2 ^  ®
B u t
2 9X E .0  = 
t^2
0 . .+9i^X^ 0 . . .  0
® ^21^l'^^23^3'’'* • •■‘■^2n^n ° ' ' '  ^
0 W W - ’-^^nn^n * ^
[°21 ' ° 22' ' " " ' * 2n]
“21
0
^ 2^1' ®22'.
Uien
^21 ^2l'^22
0 0
p-I=
0 0 . . . 0
0 0 0 . . . 0
0 0..  .0
0 X_ 0 . . . 0  n
*  *
^2f 2n
.. 0
0 0
'21 “2 r 2 2  " 2 r 2 n
0 0 . . .  0
*  *
2 
L
0 0
°21 ^21^22 ' ° 21^2n
0 0
% 2 "
T hus f o r  i> 2  a n d  jÿ^2.
L e t  0 (p) b e  t h e  t w o - s i d e d  i d e a l  g e n e r a t e d  by
( 1 )
{ ( p - I )  2 j  I l £ j £ n } .  We n o t e  t h a t  s i n c e  p ^ j  i s  i n  0 (p) f o r  jf^2 
an d  P2 2 - I  = J?22 "  P 33 0 (p) , t h e n  0 (p) i s  oonta ined  in  0 (p)
NOW ( P - I )  = -  < i i ( 0 2 j +  5 ,° 2 s = 's * j2 >  w h e re
S p 2
5 . . =
1 ]
= / l  i f  i = j  
( o  i f  i ¥ i
Thus f o r  j?^2, 2 j ~ “ ^ 2 l ‘^ 2j ^nd hence “<^21^2j ^  0(p) f o r  jj^2.
Then
(P -D 22 = - 021(022+ ^ ^ 5X3 )
= ~ " ^ l 0 2 2 + s ^ 2 ( " 0 2 l 0 2 s )X s  *
So 021*22  ^  s ^ 2 ( " 0 2 l 0 2 s ) X s " ^ P - i ) 2 2 *
B u t  f r o m  a b o v e ,  e a c h  o f  t h e  c o e f f i c i e n t s  o f  X i s  i ns
A A A
o (p )  a n d  b y  d e f i n i t i o n  o f  o ( p ) ,  ( P - D 22 i s  i n  0 ( p ) .  Thus
A A
s i n c e  o ( p )  i s  a n  i d e a l ,  0^ 21*22 o ( p ) .
S i n c e  eg  = I ,
° 2 1  = ° 2 1 '1
= O z i /Z  O z jG jz )
]=1
'  j f i< '’2 l ' ’ 2 j > 8j 2 -
B u t a s  shown a b o v e ,  t h e  c o e f f i c i e n t  i® i ^  0 (p )  f o r
l £ j £ n .  T hus i s  i n  0 ( p ) .
10
Now c h o o s e  d i s t i n c t  r  an d  s  w i t h  r , s < n  a n d  s>2
If  q = p let
b = [p,I + E^ g]
= q ( I - E r s , p | I + E r g )
= I - q  E ^ sP  E p g -  q  EpgP + E^g.
Then (b-I). . = - q^ P^sj '  «js i^rPsr.
t h e n  b y  ( 1 ) ,
P s i
'^ S . i f  j?!2 f  6 =0 i f  r 2^
and p = /
Ps2 if  3=2 I p^ 2 i f  r=2
Thus
(b-I).j = - qir^sjd-Sjj)- q iri2'52j'^2r'*js‘3irPs2
" ffr^js" Sir^sj" '3irPs2^2j"®2r^js^irPs2'
T hen ( b - I ) .  . = 0 i f  jj^2 a n d  j?^s; t h a t  i s ,  b  d i f f e r s  f ro m  t h e1J
i d e n t i t y  m a t r i x  o n l y  i n  t h e  s e c o n d  a n d  t h e  s ^ ^  c o lu m n .
We now show t h a t  f o r  a l l  d i s t i n c t  i  a n d  f ,  i s  i n  
B a n d  q^i^ -  q ^ ^  i s  i n  B an d  h e n c e  0 (q) i s  c o n t a i n e d  i n  B. 
S i n c e  n M ,  t h e n  g i v e n  i  an d  r  we may c h o o s e  s  w i t h  s>2 an d  
s ^ r  a n d  t h u s  o b t a i n  a  m a t r i x  b  a s  a b o v e .  Then f ro m  ( 2 ) ,
(b-I) 12 ^ *^ ir^ 2s" ^ir^s2“ 9irPs2^22" 2^r'^ 2s‘^irPs2
= -  S i r P s 2
and
11
^ ir ^ ss  ^ ir ^ ss  ^ ir^ s2^ 2s ^2r*^ss^ir^s2
Thus
= * i r -  S i r -  * 2 r S i r P s 2
(s)
® " S l r ^ s 2  " 9 l r ( l ^ * 2 r P s 2 )
0 - 9 2 r P s 2  0* '  *°
b - I =
( r )
0 . . . 0  
. 0- q 2 r ( l + « 2 r P s 2 >  ®
° - ^ ï r P s 2  “ • • • °  l - S r r ( l + ' 2 r P s 2 '  '  • “
0 ~^n.r^s2 ^ " g n r ( l+ & ? y P e ? )  0 . .  . .0n r  2 r ^ s 2
Hence t h e  o f f - d i a g o n a l  p o s i t i o n s  o f  b  c o n t a i n  t h e  e l e m e n t s  
- g i r P s 2 w h e re  i?^2 , - Q i r t l+ G g ^ P g g )  w h e re  i j^ r  a n d  i ^ s ,  a n d  
^ ~ S r r  ^^^'^2r ^ s 2  ^ * d i f f e r e n c e s  o f  d i a g o n a l  p o s i t i o n s  o f
b  a r e  g i v e n  b y  q 2r P s 2 '  ^ s r  < l+«2 r P s 2 > '  9 2 r P a 2 -  '3 s r '^ '^® 2rP s2>
From t h i s  we s e e  t h a t  f o r  a l l  i ,  9 i r P s 2  "^ ir-^^ ir^^’*’^ 2 r^ s 2 ^  
a r e  i n  0 ( b ) .  I t  f o l l o w s  t h a t  i f  r = 2 ,  t h e n  f o r  a l l  i ,
' 9 i r P s 2 '  + t * i r - 9 i r < l + & r P s 2 ' :  = q i2 P s 2 '"  ^ 1 2 '  ’ 12 <l-^«22Ps2> = 
6^ 2“ ‘? i2 ”  * ^ i r - S i r  0 ( b ) .  A l s o ,  i f  r?^2, t h e n  f o r  a l l
G i r - S i r ( l + * 2 r P s 2 )  = ^ i r ”  ^ i r  0 ( b ) .
T h u s ,  f o r  e v e r y  i  a n d  r ,  t h e r e  e x i s t s  a  m a t r i x  b  i n
H w h ic h  d i f f e r s  f ro m  t h e  i d e n t i t y  i n  a t  m o s t  tw o  c o lu m n s  w i t h
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d U p -Q ir  i n  0 ( b ) .  H e n c e ,  f o r  e v e r y  i  a n d  r ,  i s  i n  B.
I n  p a r t i c u l a r ,  i f  i ^ r ,  i s  i n  B a n d  < ï ü “<3rr ”  "
( 1 - q ^ ^ ) , a s  t h e  sum o f  e l e m e n t s  o f  B, i s  i n  B. S i n c e  a l l  
t h e  g e n e r a t o r s  o f  0 (q) a r e  o f  t h e s e  f o r m s ,  0 (q) i s  c o n t a i n e d  
i n  B.
Now 022 i s  i n  0 (p) w h ic h  i s  c o n t a i n e d  i n  0 (p) a n d  
s i n c e  q  = p ” ^ ,  0 (p )  = 0 (g )  b y  I I . 1 .  T hus i s  c o n t a i n e d  
i n  o ( q )  a n d  h e n c e  i n  B.
S i m i l a r l y  , we c a n  show a . . i s  i n  B f o r  a l l  i  a n d  jI j
w i t h  i ^ i .
N e x t  we show t h a t  a l l  d i f f e r e n c e s  o f  d i a g o n a l  p o s i t i o n s  
o f  e l e m e n t s  o f  H a r e  i n  B. L e t
t  = ( I  + E2 2 ) ” ^ a ( I  + E^g)
( I  -  E^g) 0 ( 1  + E^g)
= 0
-  El2* + ^  ^ 12 - ®12®^12
^11 °Ï2'''0in °21  ^ 2 2 " ' ^ 2 n 0 a 2^2 0...0
^21 ^22” *^2n 0 0 ... 0 0 ^21 0**«0
—
•  •  #
+
_^nl %2*** ‘^nn 0 0 ... 0 ^  ^nl
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0 0* • *0
0 0 0 . . . 0
0 0 0 . . . 0
° i r ^ 2 1  '^ 1 2 " ^ 2 2 '^ i r ‘^ 21 ^13"'^23 * '  * ^ ln"^2n
'21
' n l
^22+*21
^n2-^n l
'23 . . . ' 2n
*n3 '  '  ' nn
S i n c e  H i s  n o r m a l i z e d  b y  E ^ ( R ) ,  t  i s  i n  H. By t h e  f i r s t  
p a r t  o f  t h i s  p r o o f ,  a l l  o f f - d i a g o n a l  p o s i t i o n s  o f  e l e m e n t s
o f  H a r e  i n  B. T h u s  t ^ g  = ° ^ 2 " ^ 2 2 ^ ^ 1 l " ^ 2 1
a g a i n  b y  t h e  f i r s t  p a r t  o f  t h i s  p r o o f ,  a n d  a r e  i n  B.
H snoe (O12 -O 2 2 +O1 1 -O2 1 ) + ° 2 1  "  “ l 2  = ° n  ‘  ° 2 2
A s i m i l a r  a r g u m e n t  show s -  O j j  i s  i n  B f o r  a l l  
i  a n d  j  w i t h  i j ^ j .
T h u s  a l l  e l e m e n t s  o f  t h e  fo rm s  a . . a n d  o . . - o . .  w i t h1 J i l  J J
i j^ j  a r e  i n  B. H en ce  0 ( a )  i s  c o n t a i n e d  i n  B.
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S i n c e  a  was a r b i t r a r y  i n  H ,0 (H ) i s  c o n t a i n e d  i n
B a n d  t h e  p r o o f  i s  c o m p l e t e .
T heo rem  I I . 3 L e t  H b e  a  s u b g r o u p  o f  GL^(R) n o r m a l i z e d  
by E ^(R ) w h e r e  n M .  Then E ^ ( R ,0 ( H ) )  i s  a  s u b g r o u p  o f  H.
P r o o f  L e t  B = Z 0 (h) w h e re  t h e  s u m m a tio n  e x t e n d s  o v e r  a l l
h
h  w i t h  h  d i f f e r i n g  f ro m  t h e  i d e n t i t y  i n  o n l y  o n e  row .
We show f i r s t  t h a t  B = 0 (H ) . L e t  h  b e  i n  H w i t h  h  
d i f f e r i n g  f r o m  t h e  i d e n t i t y  by  a t  m o s t  tw o  c o lu m n s .  We may 
a ssu m e  w i t h o u t  l o s s  o f  g e n e r a l i t y  t h a t  h  d i f f e r s  f ro m  t h e  
i d e n t i t y  i n  t h e  f i r s t  tw o  c o lu m n s ,  t h a t  i s .
h  =
*  *
*  *
*  *
0 ... 0 
0 . . . 0
1 . . . 0
* * 0 . . . 1
C h o o se  r  a n d  s  w i t h  r^^s a n d  r> 2  a n d  fo rm
p  = [ h , I + E ^ g ]
= h ' l ( I - E r s ) h ( I + E r g )
= I - h - l B , g h + B r ; - h - l E , s h E r g .
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By d i r e c t  c o m p u t a t i o n ,  we f i n d  t h a t  (h ^ ) j^ j  = f o r  j> 2 ,  
T h e n ,  s i n c e  h “ ^E^ghEj.g = 0 ,
p -  I  = E p g - h - l E r g h
= ^ r s  -  ®rs*’
( r )
=(
r s
\
0 0 0
0 0 0
^ s l  ^ s 2  0
0 0 0
(r)
0 0
^ s l  ^ s 2
0
0
0 0 0
0 0 0 ,
(s )
0 0 0
0 0 0 
0 1 0
0 0 0
. 0
. 0
. 0
0
0
0 0 0 . . . 0 0 0 . . . 0
“o 0 0 . . . 0
i f  s> 2
i f  s< 2
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So ( p - I ) . .  = 5 . 6 .  "  5 . h  . .  Now p  d i f f e r s  f ro m  t h e
X j  X x  J S  X x  S j
i d e n t i t y  o n l y  i n  t h e  r ^ ^  ro w . So p^j w i t h  j ^ r  a n d  P j - r " P i i  
a r e  i n  B. B u t  i f  p ^ .  = 5 . g - h g .  a n d  P ^ r - P n  = *5sr“ ^ s r *
Hence 6.„-h„. is in B for all j.
] S  S ]
Now l e t  j  a n d  s  b e  a r b i t r a r y  w i t h  j ^ s .  Then s i n c e
n ^ 4 ,  we may c h o o s e  r  w i t h  rf^s a n d  r> 2  a n d  fo rm  p  a s  a b o v e .
By t h e  a b o v e ,  S ^ j - h ^ j  = - h ^ j  i s  i n  B a n d  G ^g-h^g  = l - h ^ ^  i s
i n  B. An a n a l o g o u s  a r g u m e n t  show s t h a t  6 ^^ -  h j j  = l - h y ^  i s
i n  B. T h u s ,  h. ^ - h . .  = ( 1 - h .  .) -  ( l - h _ _ )  i s  i n  B. H ence  0 (h )  s s  ] ]  ]  J s s
i s  c o n t a i n e d  i n  B. S i n c e  h  w as a n  a r b i t r a r y  e l e m e n t  o f  H
d i f f e r in g  f ro n  th e  i d e n t i t y  i n  a t  m o s t  tw o  c o l u m n s , B i s  c o n t a i n e d
i n  B w h e re  B i s  d e f i n e d  a s  i n  I I . 2 .  B u t  by  I I . 2 ,  0(H) i s
c o n t a i n e d  i n  B. H ence 0(H) i s  c o n t a i n e d  i n  B. B u t  B i s
c o n t a i n e d  i n  0 ( H ) .  H ence 0(H) = B.
We w is h  t o  show  now t h a t  E ^ ( R ,0 ( H ) )  i s  c o n t a i n e d  i n
H. B u t  s i n c e  0(H) = B , E ^ ( R ,0 ( H ) )  i s  g e n e r a t e d  by  e l e m e n t s
o f  t h e  fo rm  I  + XELj w h e re  if^j a n d  X i s  i n  B , h e n c e  b y  e l e m e n t s
o f  t h e  fo rm  I  + XE^j w h e re  i?^j a n d  X i s  i n  0 ( k )  f o r  some k i n
H d i f f e r i n g  f ro m  t h e  i d e n t i t y  i n  o n l y  o n e  row . I n  f a c t ,  t h e n ,
E (R ,0 (H ) )  i s  g e n e r a t e d  by  e l e m e n t s  o f  t h e  fo rm  I  + (k - 6  ) E  ,  , 
n  X X t  XJ
i / j ,  w h e re  k  i s  an  e l e m e n t  o f  H d i f f e r i n g  f ro m  t h e
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i d e n t i t y  i n  o n l y  t h e  ro w . We show t h a t  a l l  s u c h  e l e m e n t s  
a r e  c o n t a i n e d  i n  H.
L e t  k  b e  i n  H w i t h  k  d i f f e r i n g  f r o m  I  i n  o n l y  t h e
r ^ ^  ro w . L e t  i  a n d  j  w i t h  i?^j b e  g i v e n .  S i n c e  n M ,  we may
c h o o s e  s  w i t h  s j^ i ,  , a n d  s ^ t .  Form  y  = [ I + E ^ g ,k ” ^ l  w h ic h
i s  i n  H s i n c e  k  i s  i n  H a n d  H i s  n o r m a l i z e d  b y  E ^ ( R ) .  T hen
t s  t s
-1By d i r e c t  c o m p u t a t i o n  we f i n d  t h a t  k a l s o  d i f f e r s
f ro m  t h e  i d e n t i t y  i n  o n ly  t h e  r ^ ^  ro w . Now
(s )
% E t s  =
V
r t
( s )
' ' r t
( t )
( r )
i f  t j^ r
i f  t = r
( t = r )
w h e re  z e r o s  o c c u r  i n  a l l  u n m a rk e d  p o s i t i o n s  o f  t h e s e  m a t r i c e s .
I t  i s  e a s y  t o  show t h e n  t h a t
( s )
^  S t s *
-1 r t
( s )
r t
V.
( t )
( r )
i f  r?^t
( t = r ) i f  r = t
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® ts  + ^ r t ^ r s
^ r t  ^ r s  i f  r = t
^ r t  ^ r s  + ( l - * r t )  \ s *
T hus
y  = :  -  G t s  + ■ 'rt \ s  + ' l - « t r > = t s
= I  + ^ r s  -  « t r  S t s -
H ence  i f  r = t ,  y = I  + (k  - 1 ) E  a n d  i f  r ^ t ,  y  = I + k  . E .
 ^ ]TjT 4 .S  J-Tw t 5
T h i s  s a y s  y  = I  + -  6^^ )  E^^ w h ic h  i s  i n  H.
S u p p o s e  jT^r. I f  j = s ,  t h i s  g i v e s  y  = I  + 
i n  H. I f  j f i s ,  [ y , I + E g j ]  = [ I + ( k ^ ^ - 6 ^ ^ ) E ^ g , I + E g j ]  = I  + 
(k ^ ^ ~ ô ^ ^ )E j , j  i s  i n  H s i n c e  H i s  n o r m a l i z e d  b y  E ^ ( R ) .  H en ce
I  + ( ^ r t " " ^ r t ^ ^ r j  H f o r  a l l  j  w i t h  I f  iÿ^r a n d  i ^ g ,
[ I + E ^  , I + ( k ^ ^ - 6 j . ^ ) E ^ j ]  = I  + ( k r t ' ^ r t ^ B i j  »  s i n c e  H i s
n o r m a l i z e d  b y  E ^ ( R ) .  T h u s  I  + ( k ^ ^ - 6 ^ ^ ) E ^ j  i s  i n  H f o r  a l l
i  a n d  j  w i t h  i j ^ j . S i n c e  t h i s  i s  a n  a r b i t r a r y  g e n e r a t o r  o f  
E j ^ ( R ,0 ( H ) ) ,  E ^ ( R ,0 ( H ) )  i s  c o n t a i n e d  i n  H a n d  t h e  p r o o f  i s  
c o m p l e t e .
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T heorem  I I . 4 L e t  H b e  a  s u b g r o u p  o f  GL^(R) n o r m a l i z e d  b y  
E^(R) a n d  s u p p o s e  E ^ ( R ,0 ( H ) )  i s  c o n t a i n e d  i n  H. Then 
Xq c h )(H )  i s  c o n t a i n e d  i n  t h e  c e n t e r  o f  G L ^ ( R /0 ( H ) ) .
P r o o f  R e c a l l  t h e  n a t u r a l  g r o u p  m o rp h ism  Aq :GL^ (R) -»■ 
G L ^ ( R /0 ( H ) ) .  L e t  H = C l e a r l y  H ={ a l | a  i s  a  u n i t
i n  R /0  (H) } .  Now s i n c e  H i s  n o r m a l i z e d  by  E: (R) a n d
Xo (jj) ! E ^ ( R )  *»■ (R /0 (H ) ) i s  s u r j e c t i v e ,  H i s  n o r m a l i z e d  by
E ^ ( R /0 ( H ) )  .
We show now t h a t  H i s  c o n t a i n e d  i n  t h e  c e n t e r  o f  
G L ^ ( R /0 ( H ) ) .  N o te  t h a t  t h e  c e n t e r  o f  G L ^ (R /0 (H ))  =
{XIIX i s  i n  t h e  c e n t e r  o f  R /0 ( H ) } .  T h en  l e t  a l  b e  i n  H 
a n d  l e t  "3 b e  i n  R / 0 ( H ) .  S i n c e  H i s  n o r m a l i z e d  b y  E ^ ( R / 0 ( H ) ) ,  
y  = ( I + F E ^ g ) ( a l ) ( I - S E ^ g )  i s  i n  H. B u t
y  = (â+3 Ü E ^ g )  (I-gEj^g)
= â l + F  â  E ^ g - â  F  E^2
= â l + ( F  â - â  F  ) Ej 2^
S i n c e  y  i s  i n  H, F  a  -  a  F  = 0 ,  t h a t  i s ,  3 a  = a  3 .  Thus 
a  l i e s  i n  t h e  c e n t e r  o f  R / 0 ( H ) . H ence  a l  l i e s  i n  t h e  c e n t e r  
o f  G L ^ ( R / 0 ( H ) ) .  T h u s  H i s  c o n t a i n e d  i n  t h e  c e n t e r  o f  
G L ^ ( R /0 ( H ) ) .
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T he  f o l l o w i n g  t h e o r e m  g i v e s  t h e  d e s i r e d  r e s u l t  t h a t  
t h e  n o r m a l  s u b g r o u p s  o f  GL^(R) a r e  s t a n d a r d  n o r m a l  i f  n M .
T h eo rem  I I . 5 L e t  H b e  a  s u b g r o u p  o f  GL^(R) n o r m a l i z e d  by
E„(R ) w i t h  n > 4 .  T hen  E „ ( R ,0 ( H ) )  < H < G L „ ( R ,0 ( H ) ) .  n  — n  — — n
P r o o f  By I I . 3 ,  E ^ ( R ,0 ( H ) )  i s  c o n t a i n e d  i n  H. T hen  b y  I I . 4 ,
Xq (H )(H )  l i e s  i n  t h e  c e n t e r  o f  G L ^ ( R /0 ( H ) ) .  B u t
G L ^ (R ,0 (H ))  i s  t h e  i n v e r s e  im ag e  u n d e r  ^ q (h ) t h e  c e n t e r
o f  G L ^ ( R / 0 ( H ) ) .  H ence  H i s  c o n t a i n e d  i n  G L ^ ( R ,0 ( H ) ) .
T h i s  a n s w e r s ,  i n  a  s e n s e ,  h a l f  o f  t h e  n o rm a l  s u b g r o u p  
p r o b l e m .  The n o rm a l  s u b g r o u p s  a r e  shown t o  b e  s a n d w ic h e d  b e ­
tw e e n  c o n g r u e n c e  s u b g r o u p s  o f  c e r t a i n  t y p e s .  I t  r e m a in s  t o  
b e  shovm t h a t  E^(R) a n d  E ^(R ,A ) a r e  t h e m s e l v e s  n o rm a l  s u b ­
g r o u p s .  I f  R i s  c o m m u ta t iv e ,  t h e  n o r m a l i t y  o f  E^(R) a n d
E ^ (R ,A ) w as  p r o v e n  by  S u s l i n  i n  a  l e t t e r  t o  H. B a s s  i n  1975 
(A s h o r t  p r o o f  o f  t h i s  o c c u r s  i n  t h e  a p p e n d i x  o f  B .R . M cD onald , 
"A u to m o rp h ism s  o f  G L ^ ( R ) ,"  T r a n s .  A .M .S . 246 ( 1 9 7 8 ) ,  1 7 0 - 1 7 1 . ) .  
A t t h e  w r i t i n g  o f  t h i s  p a p e r  t h e  q u e s t i o n  r e m a in s  o p e n  f o r  R 
n o n c o m m u t a t i v e .
CHAPTER I I I  
SOLUTIONS OF S ( < i , j > , A )
I n  C h a p t e r  I I  we show ed t h a t  f o r  a n y  r i n g  R i n  
w h ic h  we h a v e  s o l u t i o n s  t o  a l l  s y s t e m s  S ( < i , j > , A ) ,  i ^ j » 
t h e  n o rm a l  s u b g r o u p s  o f  GL^(R) a r e  s t a n d a r d  n o r m a l  when 
n>_4. I n  t h i s  c h a p t e r  we e x a m in e  v a r i o u s  r i n g s  i n  w h ic h  t h e  
s o l v a b i l i t y  o f  t h e  S ( < i , j > , A )  o c c u r s .
(a )  C o m m u ta t iv e  R in g s
L e t  R b e  a  c o m m u ta t iv e  r i n g  a n d  A an  e l e m e n t  o f
GL_(R) .  C o n s i d e r  t h e  s y s t e m  S ( < 1 / 2 > , A ) .  I f  A = [ a . . ]  a n d  n  i j
a” ^ = B = [b .  . ] ,  t h e n  S ( < 1 , 2 > , A )  i s  t h e  s y s te m  
i J
^ 2 1 ^ 1  ^ 2 3 ^ 3  * + ^ 2 n ^ n  ^  ^21
^ 3 1 ^ 1  ^33%3 + • • • + ^ 3 n ^ n  ^  °
L e t  M b e  t h e  c o e f f i c i e n t  m a t r i x  o f  t h i s  s y s te m .
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D e n o te  t h e  c o f a c t o r  o f  i n  M by  Then by  L a p l a c e
e x p a n s i o n ,  2 b .  M^„ = 0 f o r  i> 2  and  2 b ,  = d e t  M.
r ^2
The c o f a c t o r  o f  b^g  B i s  - d e t  M. S i n c e
*  “  dSFTBT ® '
®21 “ aet(B) (adi(B))21
= a i E T S r  ( c o f a c t o r  i n  B o f  b j^ j ’
1
d e t ( B )  
T hus  d e t  M = - d e t ( B ) a
( - d e t  M)
2 1 .
T hen  s e t t i n g  f o r  i = l , 3 , 4 , . .  . , n ,
we g e t  a  s o l u t i o n  t o  t h e  s y s t e m  S ( < 1 , 2 > , A ) .
S i m i l a r l y  we may s o l v e  S ( < i , j > , A )  w h e re
l ^ i , j £ n  a n d  i ^ g .  T h i s  v;as W i l s o n ' s  a p p r o a c h  i n  [ 1 5 ] .
(b) D i v i s i o n  R in g s
L e t  k  b e  a  d i v i s i o n  r i n g  a n d  l e t  A b e  a n  e l e m e n t  
o f  GLj^(k) . The s y s t e m  S ( < i , j > , A )  i s  a  s y s t e m  o f  e q u a t i o n s  
w i t h  c o e f f i c i e n t s  i n  k .
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To show  t h e  s o l v a b i l i t y  o f  S ( < i , j > , A )  we m ake u s e  
o f  t h e  O r e  d e t e r m i n a n t  d e f i n e d  i n  [ 1 3 ] .  F o r  an  e l e m e n t  o f  
(k ^  we d e f i n e  t h e  r i g h t - h a n d  d e t e r m i n a n t  o f  o r d e r  tw o  b y
®11 ®12
^2 1  ^22
“  ^ 11^22 "  ^ 21^12 ^ 12^22 ^ 22^ 12 '
We make t h e  a s s u m p t i o n  t h a t  i f  a ^ g /O  a n d  &22^ ^ '  t h e n
a n d  ^ 12^ 0 ' i t  ^ 12“ ® ^ 22^® ' t h e n  a n d  &2 2 ^ ^ '  i t
a ^ 2^0 a n d  3^ 2= 0 , t h e n  A^2^0 a n d  A22= 0 ; a n d  i f  ^ i 2~ ^ 22~ ^ '
t h e n  A^2=A22~ ^ '  c h o s e n  A^2 n o t  u n i q u e  b u t  i t  i s  e a s i l y
shown t h a t  i f  a  d i f f e r e n t  c h o i c e  i s  made f o r  t h e  p a i r ,  t h e n  
t h e  d e t e r m i n a n t s  b a s e d  o n  t h e  tw o  p a i r s  a r e  m u l t i p l e s  o f  e a c h  
o t h e r ,  t h a t  i s  à = A^h f o r  some n o n - z e r o  h .  H ence  e i t h e r  
b o t h  d e t e r m i n a n t s  a r e  z e r o  o r  b o t h  a r e  n o n - z e r o .  We s a y  t h e  
tw o  d e t e r m i n a n t s  a r e  e q u i v a l e n t , d e n o t e d  b y  A~A' .
S i m i l a r l y ,  we d e f i n e  t h e  l e f t - h a n d  d e t e r m i n a n t  o f  
o f  o r d e r  tw o  b y
^ 1 1  ^1 2
^ 2 1  ^ 2 2
"  ® 2 2 ^ 1 l“ ®12^21 ® 22^12 ’^ ®12^22,
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A s s u m p t io n s  a n a l o g o u s  t o  t h o s e  f o r  a  r i g h t - h a n d  d e t e r m i n a n t  
a r e  m ade i n  t h e  c a s e  o n e  o r  b o t h  o f  ^2 2  z e r o .
L i k e w i s e ,  a n y  tw o  l e f t - h a n d  d e t e r m i n a n t s  o f  t h e  sam e m a t r i x  
a r e  e q u i v a l e n t .
C a l l  two d e te rm in an ts a n d p r o p o r t i o n a l  i f
s
a ^ T - a g S  a n d
b ^  s
= b ^ T -b g S  w h e r e
sT = t S .  L i k e w i s e  we may d e f i n e  w hen  tw o  l e f t - h a n d  d e t e r ­
m i n a n t s  a r e  p r o p o r t i o n a l .
F o r  t h e  r i g h t - h a n d  s y s t e m
* 1 * 1 1  +  ^ ^ 1 2  = *>1
* 1 * 2 1  + ^2 ^ 2 2  =  ’’ 2
we may show  t h a t
^ 1 1  ^12
^ 2 1  ®22
^ 1  ^12
^ 2  ®22
a n d  X,
®12 ®11
^22 ^21
^ 1  ^11
^ 2  ^21
w h e r e  i n  e a c h  e q u a l i t y  t h e  tw o  d e t e r m i n a n t s  a r e  p r o p o r t i o n a l .
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*11 *12 *12
L e t * 1 1^22  ”  * 2 1^12  *” ^ Vk
*22*21  *22 ^2
w h e re  3 ^ 2 ^ 2 2  “  ^ 2 2 ^ 1 2 "  M u l t i p l y i n g  t h e  f i r s t  e q u a t i o n  i n  t h e
s y s t e m  on  t h e  r i g h t  b y  A^2 a n d  t h e  s e c o n d  on  t h e  r i g h t  b y  
we g e t :
^1® 11^22  ^ 2 ^ 1 2 ^ 2 2  ^  ^ 1 ^ 2 2
* 1 ^ 2 1 ^ 1 2  * 2 ^ 2 2 ^ 1 2  ^ 2 ^ 1 2
S u b t r a c t i n g  g i v e s
^ 1^ ^ 11^ 22" ^ 21^ 12^  + ^2 (aj^2^22“ ^22^12^ ^ 1 ^ 2 2 ‘'^ 2^ 12  '
t h a t  i s .
^11  ^12
^21  ^22
+ XgtO) ^ 1  ®12
^2  &22
A n a l o g o u s l y ,  we may show  t h a t  Xg
®12 ^1 1
^22  ^21
^ 1  ^11
^ 2  ^21
O b s e r v e  t h a t
®12 ^ 1 1
^22  ^ 2 1
®11 *12
*21  *22
( [ 1 3 ] , p . 471)  a n d  t h u s  t h i s
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s y s te m  h a s  a  s o l u t i o n  i f  a n d  o n l y  i f ®11 ^12
®21 ®22
5^  0 .
S i m i l a r l y  f o r  t h e  l e f t - h a n d  s y s t e m
^11*1  ^12^2  “  ^1
^ 2 1 ^ 1  ^22^2  “  ^2
we h a v e
° 1 1  °1 2
° 2 1  °2 2
^1  =
*^ 1 ^12
^2  °22
a n d
^12 °11
^22 °21
X2 H
^ 1  ^ 1 1
^2 ^21
w h e re  i n  e a c h  e q u a l i t y  t h e  tw o  d e t e r m i n a n t s  a r e  p r o p o r t i o n a l .
L i k e w i s e ,  t h i s  s y s t e m  h a s  a  s o l u t i o n  i f  a n d  o n l y  i f
^11  ^12
^21 °22
We d e f i n e  t h e  r i g h t - h a n d  d e t e r m i n a n t  o f  o r d e r  n 
i n d u c t i v e l y .  We a ssu m e  we c a n  s o l v e  b o t h  r i g h t - h a n d  a n d
l e f t - h a n d  s y s t e m s  o f  o r d e r  l e s s  t h a n  n .  F o r  A = [ a ^ j ]  a n
e l e m e n t  o f  ( k ) ^ ,  l e t
(n)
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w h e re
3 1 2 * ' ^ '  + 3 2 2 * ' ^ '
+ S g g A / Z )  + . '+  *n3&
(n)
(n) _
(n) _
0
0
0
To show t h a t  t h e  A^^^ s a t i s f y i n g  t h i s  s y s t e m  e x i s t  we u s e
t h e  i n d u c t i o n  h y p o t h e s i s .  L e t  b e  t h e  l e f t - h a n d  d e t e r -
+“H
r a in a n t  o f  t h e  m a t r i x  o b t a i n e d  b y  d e l e t i n g  t h e  i  c o lu m n  o f
^12  *22 '  '  '  ^n2
^13  ^23  * • * ®n3
® ln ^ 2 n  * • * ^n n
I f  A^=0 f o r  a l l  i ,  t h e n  l e t  A^^^=0 f o r  a l l  i .  I f  A^yO
(k lf o r  some k ,  we may a r b i t r a r i l y  a s s i g n  a  v a l u e  t o  A a n d
we c a n  s o l v e  t h e  r e m a i n i n g  ( n - l ) x ( n - l )  s y s t e m  b y  i n d u c t i o n .
(k)Of c o u r s e ,  e a c h  c h o i c e  o f  A ' may g i v e  a  d i f f e r e n t  s o l u t i o n  
t o  t h e  s y s t e m  b u t  e a c h  s o l u t i o n  may b e  o b t a i n e d  f ro m  a  g i v e n  
by  r i g h t  m u l t i p l i c a t i o n  b y  a  n o n - z e r o  c o n s t a n t .  T h u s  t h e  
r e s u l t i n g  d e t e r m i n a n t s  may b e  determ ined f ro m  a  g i v e n  b y  r i g h t
m u l t i p l i c a t i o n  b y  a  n o n - z e r o  c o n s t a n t  a n d  t h u s  a r e  e q u i v a l e n t .
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T h en  f o r  t h e  r i g h t - h a n d  s y s t e m
^ 1 ^ 1 1  ^ 2 ^ 1 2  + • • • + ^ n ^ l n
" 1 - 2 1  * 2 * 2 2  + • • • + %n*2n ^2
* l * n l  + * 2 * n 2 + • • • + %n*nn = ^ n
we h a v e
*1X *11
*nk * n l
* l , k - l  * l ,k + l  • * * * ln
*2k *21 * * • *2 ; k - l  *2 ,k+ l * * * *2n
* n ,k - l  *n ,k + l ' . . a_nn
b i  • • • al , k ^ l  ^ l ,k + l
^2 *21 • * * *2 , k - l  *2 ,k+ l
I n
2n
^n  * n l  * * • * n ,k - l  * n ,k + l  ' * * *nn
where th e  two de term inan ts  a re  p ro p o r t io n a l .  T h i s  m e an s  we h a v e  
c h o s e n  t h e  sam e s o l u t i o n  t o  t h e  s y s t e m
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=11= ' "  + --  - + = i , k - i = ‘" ' "  + -  + = ta = ‘" ’ = °
=21 = '^ '+  • • •  + =2 , k - l = " " "  + =2 ^ + 1= " ^ * " +  ••• "  =2n=‘" ’ = 0
=w b ' "  + -  + = „ , k - l = * ‘ "  + = n ,k+ l= ‘“ ’+ -  + = m = ‘" ’ = ®
f o r  b o t h  d e t e r m i n a n t s .
I t  c a n  b e  show n ( [ 1 3 ] , p . 474)  t h a t  i f  tw o  c o lu m n s  o f  
a  m a t r i x  a r e  i n t e r c h a n g e d  we g e t  e q u i v a l e n t  d e t e r m i n a n t s . 
H ence  t h e  a b o v e  s y s t e m  h a s  a  s o l u t i o n  i f  a n d  o n l y  i f
l a ^ j  II ^  0 .
T he  d e f i n i t i o n  o f  l e f t - h a n d  d e t e r m i n a n t s  a n d  t h e  
s o l u t i o n  o f  l e f t - h a n d  s y s t e m s  a r e  a n a l o g o u s  t o  t h e  a b o v e .
We c a n  show  ( [ 1 3 ] , p . 475)  t h a t  f o r  a n y  m a t r i x  A,
|A| |  - I I  A t | .
We now u s e  t h e s e  i d e a s  d e v e l o p e d  by  O re  t o  show  t h e  
s o l v a b i l i t y  o f  S ( < i , j > , A ) .  A g a in  we l e t  A = [ a ^ j ]  a n d
a” ^ = B = [ b u j ]  . F i r s t  we show t h a t  Hb I t^  0 .
n  n
S i n c e  AB = I ,  Z a . . b . .  = 1 a n d  Z a . . b .  .=0 i f  i j^ j ,  
k = l  lc=l
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L e t
w h e re
C i ^ ^ ^ b i 2 + ^ b 22 + • • '  + C^(  ^b^ 2  ®
C i ^ ^ ^ b i s  + ^^22  + . . . + ^bn2 = 0
(3)
S i n c e
C l ' l ' b i ,  4 C i ' S ' b z a  4  . . .  4  c ^ < " > b „ „  = 0
^1 1  ^1 2  + ^12  ^ 2 2  + ' * ’ '*' ^ l n ^ n 2  °
®11 ^ 1 3  ■*■ ^12  ^ 2 3  + • ♦ • + ^ l n ^ n 3  °
®11 ^ I n  ■*■ ^12  ^ 2 n  ■*■ * '  '  ^ I n ^ n n  °
t h e n  = a ^2 » • • • i s  a  s o l u t i o n
t o  ( 3 ) .  T h u s  a n y  o t h e r  s o l u t i o n  m u s t  b e  = a ^ ^ h ,
= a ^ 2 h , . . . , C ^ ( ^ )  = a ^ ^ h  f o r  h^O . T hen
II B| -  ^ 1 1 ^ 1 1 ^  ^ 1 2 ^ 2 1 ^  + . . .  + B in b ^ ^ h
-  ( a i i b ^ i  + a ^ g b g i  + . . .  + S i n b ^ ^ i h
= I ' h  
= h
S i n c e  h^O , jlB| ^  0 .
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The s y s t e m  £ ( < 2 , 1 > , A )  i s
^ 1 2 ^ 2  ^ 1 3 * 3  + • • • + ^12
^ 3 2 * 2  ^ 3 3 * 3  + ' = 0
•
^ n 2^2  ^ n S ^ 3  ' • • + ■= 0
L e t
^ 1 2  ^ 1 3  ^ I n ^12 ^3 2 • • •  bji2
N = ■ ^ 3 2  ^33  * '*  ^ 3 n a n d  N ^  = ^13 ^33 ••*  bnS 
•
^ n 2 ^ n 3  ' • *  ^ n n
^ i n » 3 n **• bnn_
L e t  In ^11 = + b ^ g a t ^ )  + . . .  + b l n *
(n)
w h e re . 3 , a < = >  + . 3 3 a < 3 )  ■+ • . . . +  b g ^ a  = 0
. , 3 a < 3 )  .  b „ a < 3 ) 0
+ " n n = " "  = 0
R i g h t  m u l t i p l y  e q u a t i o n s (3) by  a (2) (3) _ r e s p e c t i v e
(4)
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C , < % 3 a < 3 > 4 C , < = > b , 3 a < 3 ) 4 . . . 4 C , < " \ 3 a ' 3 ) = 0
a / " ')  + C . ( 2 ) b  + . . .  + a ( " ) =  01 I n  1 2n  1 nn
A d d in g  t h e s e  t o g e t h e r  we g e t
+ b ^ 3 a ^ ^ ^ + . . .+ b ^ a ^ " V  ( b ^ ^ a + b g 3 a . . t b ^ ^ a )
+  (b^^a^^^t b g g a / ^ ) »  . . .  +  b ^ ^a^^ h  +  . . .  +
= l ‘” ’ »=n2= " ' +  b n 3 ^ '^ '+  -  -^  = »•
The surtriations i n  a l l  b u t  th e  f i r s t  two terras a r e  zero  from (4) .
T hus  c  ( 1 ) ( Z  b . . a ( k ) )  + = 0 .
■*• k =2 ^ k =2
B u t  Z b ^ ^ a ^ ^ )  = | n^ I |  s o  t h a t
C. |N^|| 4C. (Z b_^a(^)) = 0. (5)
k=2
L e t  ® ( i )  t h e  m a t r i x  o b t a i n e d  f r o m  B b y  r e a r r a n g i n g  
c o lu m n s  w i t h  t h e  i ^ ^  c o lu m n  o f  B i n  t h e  f i r s t  co lu m n  p o s i t i o n
an d  t h e  o t h e r  c o lu m n s  i n  a s c e n d i n g  o r d e r .  F o r  i ^ l »  l e t
" , Where " "
k = l  k = l
l l ® ( i ) l  "  ^Z C i  ( 'b % i w h e r Z C i '  'b% j = 0 f o r  j = l , . . . ,n , j j^ i .
Then
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CE =
" c  (1) Cl (2) P (n)• • • v-»2^ *’u ^12 ^In
r  (1)
y
P (2)
y
P (n)
. . .  Lg ■=21 ^22 ^2n
• . . . . .
• • • • . .
• • • • • •
p (1)
n
P  (n)
n > ^n2
0 . . .  B (n)
S i n c e  BA = i ,
C = ® 11^ ( 2 ) I *** ^
. 0  0 
T h u s  C i ( ] )  = So
l l B k i z  = C l  ( 2 ) .
• • • I I  B (n )  I
( 6 )
34
S u p p o s e  E b , , a  '  = 0 .  T h e n  f r o m  (6 ) ,  e i t h e r  
k =2
C, = 0 o r  |n ^  II = 0 .  The e q u a t i o n  Z = 0 may
^ k =2
r e p l a c e  a n y  o f  t h e  e q u a t i o n s  i n  (4) a n d  w i l l
s a t i s f y  a n y  o f  t h e  new s y s t e m s .  T h u s
In II ~ a l l  n - 1  o r d e r  d e t e r m i n a n t s  i n
^ 1 2  ^ 2 2  • • •  ^ n 2
^ 1 3  ^ 2 3  • • •  ^ n 3
^ I n  ^ 2n  *** ^ n n
(7 )
So i f  IN ^ II = 0 , a l l  n - 1  o r d e r  d e t e r m i n a n t s  i n
” 12 ^ 2 2 • • •  ^ n 2
” l 3 ^ 2 3 . . .
• • •
• • •
• • •
” l n ^ 2n • • •  ^ n n
a r e  0 .  T hen  | | b |  = 0 f ro m  ( 3 ) .  B u t  | | b |  ^ 0 s o  we m u s t  h a v e
= 0 .
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S i n c e  = 0 ,  t h e n  f r o m  ( 3 ) ,
b |~  a l l  n - 1  o r d e r  d e t e r m i n a n t s  i n
^ 2 1  ^ 2 2  • • •  ^ 2 n
^ 3 1  ^ 3 2  • • •  ^ 3 n
^ n l  ^ n 2 •* •  ^ n n
(Any o f  t h e  e q u a t i o n s  i n  (3) may b e  l e f t  o u t  a n d  we h a v e  t h e  
sam e s o l u t i o n s . )  I n  p a r t i c u l a r .
l | B l ~
^ 2 2  ^ 2 3  • * •  ^ 2n
^ 3 2  ^ 3 3  *•* ^ 3 n
^ n 2 ^ n 3  ' n n
From  (7) we h a v e  t h a t
^ 2 2 ^ 3 2 • • •  ^ n 2
N ^ l h
^ 2 3 ^ 3 3 ^ n 3
^ 2 n ^ 3 n • “ * ^ n n
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B u t s i n c e  | }| ~ | |M[ f o r  a n y  M, t h e n
^ 2 2  ^ 3 2  • • •  ^ n 2
^ 2 3  ^ 3 3  • • •  ^ n 3
^ 2 n  ^ 3 n  •** ^ n n
Hence l iehlN^II-  S ince ||B| ^  0. But |N^|| ~HN| .So  ||N| ^  0
a n d  t h u s  we h a v e  a  s o l u t i o n  t o  t h e  s y s t e m  S ( < 2 , 1 > , A ) .
n ( k ) ( 2 ) .Now s u p p o s e  Z b _ , a  ^  0 .  I f  i n  a d d i t i o n ,  C, V O ,  
k=2 ^
by  (5) IN^II 7^0. T h en  | | n |  i- 0 a n d  a g a i n  we h a v e  a  s o l u t i o n  
t o  t h e  s y s t e m  S ( < 2 , 1 > , A ) .  B u t  i f  0 ,  t h e n
| | B | a ^2 = 0 b y  ( 6 ) .  S i n c e  | | B | y o , a ^2 = 0 .  T hen  t h e  s y s t e m12
S ( < 1 , 2 > , A )  h a s  t h e  t r i v i a l  s o l u t i o n  = 0 ,  i = 2 , 3 , . . . , n .
An a r g u m e n t  a n a l o g o u s  t o  t h e  a b o v e  show s  t h a t  a
s o l u t i o n  e x i s t s  f o r  a l l  t h e  s y s t e m s  S ( < i , j > , A ) ,  l £ i , j ^ n , i 5>^ j
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(c) P r o d u c t  o f  R in g s  H a v in g  S o l v a b i l i t y  o f  S ( < i , j > , A )
L e t  R = TI R, w h e r e  f o r  e a c h  X i n  A,
XinA A
S ( < i , j > / A ^ )  i s  s o l v a b l e  f o r  a l l  A^ I n  ( R ^ ) ^  a n d
l £ i ,  j £ n / i ? ^ j . C l e a r l y  R i s  a  r i n g  i f  we c o n s i d e r  b o t h  m u l t i ­
p l i c a t i o n  a n d  a d d i t i o n  t o  b e  d o n e  c o m p o n e n t - w i s e ,  t h a t  i s ,
if r = <fx>XinA ® < VxinA' <V®X>XinA
= < fxS x> X inA '
L e t  A = [ a . . ]  b e  i n  (R) w i t h  A " i=  [ b . . ] .  T h en  i fJ-J 1J
i*23 • i^2n
i^31 ^ 3 3  ^ 3 n
i ’n l  i^n3 ^ n n
t h e  s y s t e m  S ( < 1 , 2 > , A )  i s
" ^ 2 1 ^
0
• •
••
*•
X 0n
i
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L e t  b ^ .  = X. = an d
T hen S ( < 1 , 2 > , A )  i s  e q u i v a l e n t  t o  t h e  f a m i l y  o f  s y s te m s
[ b i ]  ] < 1 , 2 >
X i ^ ^21
X j ^ 0
• •
. •
• •
0
_  — —  -J
f o r  e a c h  X i n  A.
I t  i s  e a s i l y  show n t h a t  i f  = [ a ^ j  ] t h e n
A ,~ ^  = [b .  .^] i n  (R, ) _ .  T h u s  e a c h  s y s t e m  i n  t h i s  f a m i l y  i s  
A X j  A n
S ( < 1 , 2 > , A ^ ) .  By h y p o t h e s i s  e a c h  o f  t h e s e  i s  s o l v a b l e .
T he  p r o d u c t s  , X3 = < X j^ > ;^ i„ A ' '  * ' ' V  ^^n^  XlnA '
a r e  a  s o l u t i o n  t o  S ( < 1 , 2 > , A ) .
An a n a l o g o u s  a r g u m e n t  show s t h a t  S ( < i , j > , A )  i s  
s o l v a b l e  f o r  a l l  d i s t i n c t  i  a n d  j  w i t h  l £ i , j £ n .
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(d) D i r e c t  L i m i t  o f  R in g s  H a v in g  S o l v a b i l i t y  o f  S ( < i , j > , A )
L e t  I  b e  a  d i r e c t e d  s e t ,  t h a t  i s ,  a  p a r t i a l l y  o r d e r e d  
s e t  s u c h  t h a t  f o r  e a c h  h  a n d  & i n  I ,  t h e r e  e x i s t s  k  i n  I  s u c h  
t h a t  h £ k  a n d  L e t  b e  a  f a m i l y  o f  r i n g s .  F o r
e a c h  h  a n d  & i n  I  w i t h  h£Jl , l e t  V i ^  r i n g
m o rp h is m  s u c h  t h a t  (1) i s  t h e  i d e n t i t y  m a p p in g  o n  f o r
a l l  & i n  I  a n d  w hen h £ £ < k .  Form  t h e  d i r e c t  sum
C = 0  Z R , a n d  l e t  D b e  t h e  i d e a l  g e n e r a t e d  b y  
£ i n l
{Xh“ I^ h  ^  a n d  h<&}.  D e f i n e  R = C/D a n d  l e t
Vi:C->-C/D = R b e  t h e  c a n o n i c a l  map w i t h  p^:Rg^-*-R : t h e  r e s t r i c t i o n  
o f  VI t o  R ^ . T h en  R i s  c a l l e d  t h e  d i r e c t  l i m i t  o f  
w r i t t e n  b y  R = l i m  R« . C l e a r l y ,
" h  = t'ji " h i
f o r  h£J l .  I t  c a n  b e  show n [2 ]  t h a t  e v e r y  e l e m e n t  o f  R c a n  
b e  w r i t t e n  i n  t h e  fo r m  f o r  some A i n  I  a n d  some
i n  R^.
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Now l e t  R = l i m  R w h e re  e a c h  R, h a s  s o l v a b i l i t y  o f  
S ( < i / j > , C )  f o r  a l l  i  a n d  j  w i t h  i j^ j  a n d  a l l  C i n  G L ^ ( R^ ) .
L e t  A = [ a . . ]  b e  i n  GL (R) w i t h  A ^ = B = [ b . . ]  a n di j  n  i j
c o n s i d e r  t h e  s y s t e m  S ( < i , j > , A ) .
F o r  e a c h  i  a n d  j  w i t h  l £ i , j < ^ n ,  t h e r e  e x i s t s  i n
I  a n d  r ,  i n  R. w i t h  b .  . = y, ( r .  ) .  A l s o  t h e r e  e x i s tX i j  13
t . . i n  I  and r.  i n  R. w i t h  a . .  = y , ( r . ) .X3 t . j  t . j  13  t ^ j  t .  j
S i n c e  { k ^ j | l < i , 3 < n } U { t ^ j | l < i , 3 <n} i s  f i n i t e  a n d  
c o n t a i n e d  i n  I ,  a  d i r e c t e d  s e t ,  t h e r e  e x i s t s  k  i n  I  w i t h
t . . < k  a n d  k . . < k  f o r  a l l  i  a n d  3 . 13-  13-
By ( 8 ) ,
a n d  a .  . = y.  ( r .  ) = y. (y.  ( r .  )13 t f j  t j^ j  K t _ j X  t i j
T h u s  m o d u lo  D, A a n d  B a r e  i n  GL^(Rj^) a n d  h e n c e  
S ( < i / j > , A )  i s  s o l v a b l e .
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(e )  The R in g  o f  C r o s s - S e c t i o n s  o f  a  Sheaf over a  Boolean Space
L e t  X b e  a  t o p o l o g i c a l  s p a c e .  S u p p o s e  t h a t  f o r  e a c h
X i n  X, t h e r e  i s  a  r i n g  R^ w i t h  z e r o  0^  a n d  i d e n t i t y  1 ^  a n d
t h a t  R HR., = 0  f o r  x  ^  y .  L e t  Z = (j R . Then d e f in e  
^  y  xdnX  X
II:Z->X b y  i T ( r )  = x  i f  r  i s  i n  R ^. Im p o se  a  t o p o l o g y  on  Z 
s a t i s f y i n g  t h e  f o l l o w i n g :
(1 ) F o r  e a c h  r  i n  Z, t h e r e  e x i s t  o p e n  s e t s  U i n  Z 
w i t h  r  i n  U a n d  N i n  X w i t h . N  t h e  h o m eo m o rp h ic  
im a g e  o f  U u n d e r  II.
(2) L e t  Z + Z b e  { ( r , s ) j H ( r )  = I I ( s ) }  w i t h  t h e  
t o p o l o g y  i n d u c e d  b y  t h e  p r o d u c t  t o p o l o g y  i n  
Z X Z. T hen  t h e  m a p p in g  on  Z t o  Z g i v e n  by  
r + - r  a n d  t h e  m a p p in g s  o n  Z + Z t o  Z g i v e n  b y  
( r , s )  r + s  a n d  ( r , s ) + r s  a r e  c o n t i n u o u s .
(3 )  The m a p p in g  x + 1 ^  i s  c o n t i n u o u s  o n  X t o  Z.
T hen  Z i s  c a l l e d  a  s h e a f  o f  r i n g s  o v e r  X. The r i n g s  R^ a r e  
c a l l e d  s t a l k s  o f  th e .  s h e a f  Z.
L e t  Y b e  a  s u b s e t  o f  X. A c r o s s - s e c t i o n  o f  Z o v e r  Y 
i s  a  c o n t i n u o u s  m a p p in g  cr o f  Y t o  Z s u c h  t h a t  n ( a ( y ) )  = y  
f o r  a l l  y  i n  Y. T he  c o l l e c t i o n  o f  a l l  c r o s s - s e c t i o n s  o f  Z
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o v e r  y i s  d e n o t e d  by  r(y,Z) a n d  i s  a  r i n g  w i t h
( O^+Ogi t x)  = G^(x)  + = G ^ t x l O g C x ) ,  0 ( x ) = 0 ^ ,
and  l ( x )  = 1^ ( [ 1 4 ] ,  Lemma 3 . 2 ( b ) ) .
Now s u p p o s e  t h a t  X i s  a  B o o le a n  s p a c e  a n d  l e t  I  b e  
a  s h e a f  o f  r i n g s  o v e r  X e a c h  s t a l k  o f  w h ic h  h a s  s o l v a b i l i t y  
o f  t h e  s y s t e m s  S ( < i , j > , A ^ )  f o r  a l l  i n  G L ^ ( R ^ ) .
L e t  R = r ( X , Z )  a n d  l e t  A = [ a ^ j ]  be  an e la n e n t  o f  GL^(R) w i t h
A ^ = B = [ b u j ] .  C o n s i d e r  t h e  s y s t e m  S ( < 1 , 2 > , A ) :
^ 2 1 ^ 1  ^ 2 3 ^ 3  + • • •  + ^ 2 n ^ n  &2l
^ 3 A  ^ 3 3 ^ 3  + • • •  + ^ 3 n ^ n
b n l * l  + ^ n 3 ^ 3  + + ^ n n ^ n  = ^
n n
S in c e  A~ = B, Z a . . b . .  = 1 f o r  l < i < n  a n d  .Z, a .  . b . , = 0
j_]L 1 ]  ------- 3--*- 13 ] k
n
f o r  l £ i , :k£n, ij>^k. Then f o r  each  x  i n  X, Z a . . (x )b .^ (x )= l^  f o r  I f i ^ n
j = l  ^ ^
n
an d  Z a . . ( x ) b . , ( x )  = 0„  f o r  l < i , k < n , i ^ k .  Th%s i f  
j = l  1 ]  X -  -
= [ a ^ j ( x ) ]  , t h e n  = [ b u j ( x ) ]  = A ^"^  i n  G L ^ ( R ^ ) .  The 
s y s t e m  S ( < 1 , 2 > , A ^ )  h a s  a  s o l u t i o n  b y  h y p o t h e s i s ,  t h a t  i s ,
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t h e r e  e x i s t  * ‘ * ' ^^n^x  \  w i t h
b 23^(x) (Xj^)^ + b 23 (x) ( X^ ) ^  + . . .  + >^2^^  (x)  (X^ )^ ^  = 323  ^(x)
b a i ' x I ' X l ' x  + b , , ( x ) ( X , ) x  + . . .  + b 3 „ ( x ) ( X „ ) ^  = 0%
b n l ' % ' ( % l ' x  + b n 3 ( x ) ( % 3 ) x  + . . .  + V ( * ) ( X „ ) ^  = 0^
L e t  i  i n  { 1 , 3 , 4 , . . . , n}  b e  f i x e d .  By Lemma 3 . 2 ( c )  o f
[1 4 ]  we s e e  t h a t  f o r  e a c h  x  i n  X, t h e r e  e x i s t s  a  n e i g h b o r h o o d  
N. o f  X  a n d  a  a .  i n  T(N.  ,Z)  s u c h  t h a t  a .  ( x )  = ( X . ) .
x X  XX x X  XX X X
The s e t  X i n  X} i s  an  o p e n  c o v e r  o f  X an d
h e n c e ,  by  t h e  p a r t i t i o n  p r o p e r t y  o f  t h e  B o o le a n  s p a c e  X, t h e r e  
e x i s t s  a  f i n i t e  s e t  o f  o p e n - c l o s e d  s u b s e t s  o f
X s u c h  t h a t
( 1) F o r  e a c h  j  w i t h  j £ r ,  t h e r e  e x i s t s  Xj i n  X w i t h
(2 ) = d  i f  j A .
r
(3) U M. = X. 
j = i  :
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By P a c t  ( 1 ) ,  p .  13 o f  [ 1 4 ] ,  |Mj i n
r ( M j , E )  a n d  b y  F a c t  ( 2 ) ,  p .  13 o f  [ 1 4 ] ,  we may d e f i n e  
T. i n  r ( X, Z)  b y  T. = T. (J T . / t h a t : . i s ,
1  2 i
T . ( x )  = T (x)  i f  X i s  i n  M . . T hen  f o r  e a c h  x  i n  X, x  i s
X XX j  J
i n  Mj f o r  some j  w i t h  l £ j £ x .  T h u s
T h e n  t h e  s y s t e m  S ( < 1 , 2 > , A ^ )  may b e  w r i t t e n  a s
b g ^ t x l T ^ f x )  + b g g t x i T g C x )  + . . .  + b 2 n ( x ) T n ( x )  = B g ^ f x )  
b^j^ (x)Tj^ (x) + b g g f x j T g f x )  + . . .  + ° x
b n i ( x ) T i ( x )  + b ^ 2 ( x ) T g ( x )  + . . .  + b _ ^ ( x ) T ^ ( x )  = 0^
S in c e  t h i s  i s  t r u e  f o r  a l l  x  i n  X,
^ 2 1 ^ 1  ^ 2 3 ^ 3  + ' • • + ^21
^ 3 1 ? !  b ] ] ? ]  + • • • + 0
b n l ? l  + + . . .  + b ^  = 0
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T h u s  t h e  s y s t e m  S ( < 1 , 2 > , A )  h a s  a  s o l u t i o n .
S o l u t i o n s  o f  8 ( < i / j > , A )  f o r  l £ i /  j £ n ,  i j^ j  a r e  
f o u n d  a n a l o g o u s l y .
T h u s  we h a v e  show n t h a t  t h e  s y s t e m s  S ( < i , j > , A )  a r e  
s o l v a b l e  f o r  a l l  d i s t i n c t  i  a n d  j  a n d  A a n y  i n v e r t i b l e  
m a t r i x  o v e r  a  c o m m u ta t iv e  r i n g ,  a  d i v i s i o n  r i n g ,  a  p r o d u c t  
o r  d i r e c t  l i m i t  o f  r i n g s  i n  w h ic h  t h e  s y s t e m s  S ( < i , j > , B )  
a r e  s o l v a b l e ,  o r  t h e  r i n g  o f  c r o s s - s e c t i o n s  o f  a  s h e a f  o v e r  
a  B o o le a n  s p a c e .  As show n i n  C h a p t e r  I I ,  t h i s  i s  s u f f i c i e n t  
t o  show t h a t  f o r  R a n y  o f  t h e s e  r i n g s ,  t h e n  a l l  n o rm a l  
s u b g r o u p s  o f  GL^(R) a r e  s t a n d a r d  n o r m a l  i f  n M .
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